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Abstract. The Stirling’s matrix of the second kind is expressed by Sn(2) with each
entry being a second type Stirling’s number. The tribonacci matrix is represented
by Tn with each entry being a tribonacci number. In this article we discuss the
Stirling’s matrix that is the relation between Stirling’s numbers of The second kind
and tribonacci matrix. Then from the relation between the two matrices we obtain
a new matrix is the matrix called Dn. Then the matrix Dn is expressed as Sn(2)
= TnDn.
1. INTRODUCTION
Stirling’s number was proposed by James Stirling around the 18th century
(1692-1770). Stirling’s number consists of two types: Stirling’s numbers
of the first kind and of the second kind. This article deals only with the
Stirling’s numbers of the second kind. The Stirling’s numbers of the second
kind is the number of ways to arrange a partition of a set with n elements
into k non-empty subsets denoted by S(n, k) [2, p.91].
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Lee et al. [7] discuss the relation between Stirling’s matrix with
Fibonacci matrix , Cheon and Kim [3] discuss the relation between Stir-
ling’s matrix with Pascal matrix, Maltais and Gulliver [8] discuss Pascal
matrix and Stirling’s matrix, Rennie and Dobson [9] addresses the second
Stirling’s numbers, Sabeth et al. [10] discuss the matrix factorization of
Pascal with tribonacci and other matrices. Lee et al. [7] discuss the relation
between Stirling’s matrix with Fibonacci matrix. From the relation between
Stirling’s matrix of the second kind and the Fibonacci matrix, the new ma-
trix Mn, is obtained so Stirling’s matrix of the second kind Sn(2) can be
expressed by Sn(2) = FnMn.
The tribonacci sequence is one of the generalizations of the Fibonacci
sequence. The tribonacci sequence was originally studied by Feinbreg [5].
Kuhapatanakul [6] discusses the generalization of the tribonacci sequence
that is the tribonacci sequence to- emph p. The Hessenberg matrix discussed
by Aktas and Kose [1] is a matrix with each element involving the Padovan
numbers, the Perrin numbers and tribonacci numbers. Sabeth et al. [10]
define a tribonacci matrix which is express by Tn and discuss the relation
between of Pascal matrix and tribonacci matrix.
In this article discuss the relation between Stirling’s matrix of the
second kind and tribonacci matrix. Using the two ideas of Lee et al. [7]
and Sabeth et al. [10] we get a new matrix of Dn matrix which states the
relation between the Stirling’s matrix and the tribonacci matrix.
2. STIRLING’S MATRIX AND TRIBONACCI MATRIX
In this section we give the definition of the second Stirling’s matrix and the
tribonacci matrix. The Stirling’s numbers of the second kind S(n, k) is the
number of how to set up the partition of a set having n elements into k set
of the nonempty parts [2, p.91]. The following theorem is obtained.
Theorem 1.1 For every natural number n and k where n ≥ k satisfies the
following recursive relation
S(n, k) = S(n− 1, k − 1) + kS(k − 1). (1)
Proof. The proof of this theorem can be seen in Bona [2, p.91].
The Stirling’s numbers of the second kind is represented into a square
matrix n × n ie the second Stirling’s matrix S(i, j).[4] defines the second
Stirling’s matrix S(i, j) as follows.
Definition 1.1 For each natural number n, Stirling’s matrix of the second
kind n× n with each entries Sn(2) = [Si,j ], ∀i, j = 1, 2, 3, · · · , n is given as
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Si,j =
{
S(i, j), if i ≥ j,
0, others.
(2)
Similar to the Fibonacci numbers, the tribonacci is also expressed as
a square matrix. Sabeth et al. [10] define the n × n tribonacci matrix as
follows:
Definition 1.2 For every natural number n, the n × n tribonacci matrix
Tn = [ti,j ], ∀i, j = 1, 2, 3, · · · , n is given as
ti,j =
{
Ti−j+2, jika i− j + 2 ≥ 0,
0, jika i− j + 2 < 0. (3)
From the equation (3) the matrix of the Tn is the lower triangular
matrix with the main diagonal being 1 and the determinant (det) value of
the tribonacci matrix Tn is the product of the diagonal entries so as to obtain
det (Tn) = 1. Because det (Tn) 6= 0 then the tribonacci matrix Tn has an
inverse.
From the calculation, the inverse of the tribonacci matrix T5 is obtained
as follows:
T −15 =

1 0 0 0 0
−1 1 0 0 0
−1 −1 1 0 0
−1 −1 −1 1 0
0 −1 −1 −1 1
 . (4)
Based on the observation of equation (4) it can be concluded that
for each entry of the inverse of the tribonacci matrix T5 applies, i.e. each
pattern of column entries [ti,j ] is worth 1, −1, −1, and −1. This is true for
the tribonacci matrix of n×n where the column entry pattern [ti,j ] will not
change. Thus, Sabeth et al. [10] define the n × n invers tribonacci matrix
is set n × n, ∀n ∈ N with every entry from the invers of tribonacci matrix
T −1n = [t
′
i,j ], ∀i, j = 1, 2, 3, · · · , n can be declared as
t
′
i,j =

1, if i = j,
−1, if i− 3 ≤ j ≤ i− 1,
0, others.
(5)
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Because tribonacci matrix Tn has an invers then TnT −1n = In = T −1n Tn
can be applied. Thus, the tribonacci matrix Tn is an invertible matrix.
3. RELATION BETWEEN STIRLING’S MATRIX AND
TRIBONACCI MATRIX
In this section, we discuss the second type Stirling’s matrix and the tri-
bonacci matrix. The relation between Stirling’s matrix of the second kind
and the matrix of the new tribonacci matrix is obtained. With the two ideas
of Lee et al . [7] and Sabeth et al. [10] the new matrix Dn is defined as
follows.
Definition 1.3 For every natural number n, an n×n matrix Dn with Dn =
[di,j ], ∀i, j = 1, 2, 3, · · · , n is defined as
di,j = S(i, j)− S(i− 1, j)− S(i− 2, j)− S(i− 3, j). (6)
Furthermore from equation (6) we obtain, d1,1 = 1, d1,2 = 0,∀j ≥
2; d2,1 = 0, d2,2 = 1, d2,j = 0,∀j ≥ 3; d3,1 = −1, d3,2 = 2, d3,3 = 1, d3,j =
0,∀j ≥ 4; d4,1 = −2, d4,2 = 3, d4,3 = 5, d4,4 = 1, d4,j = 0 and for i, j ≥
2, di,j = di−1,j−1 + j.di−1,j .
From defining the matrix Dn in equation (6) the following Theorem
1.2 can be derived:
Theorem 1.2 There is a matrix of Dn, so for every natural numbers n
with Stirling’s matrix of the second kind Sn(2) defined in equation (2) and
tribonacci matrix Tn which is defined in equation (3) can be express Sn(2) =
TnDn.
Proof. For every natural number n, the Tn tribonacci matrix is the invert-
ible matrix. We will prove that
T −1n Sn(2) = Dn. (7)
Noticing the left side of the equation (7) if ∀i = 1 and ∀j ≥ 2, then
t
′
i,j = t
′
1,j = 0. Then ∀i, j = 1 is subsequently obtained that
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n∑
k=1
t
′
i,kSk,j =
n∑
k=1
t
′
1,kSk,1 = 1 = d1,1.
If ∀i = 1 and ∀j ≥ 2 then t′1,j = 0 and S1,j = 0. Then ∀i = 1 and ∀j ≥ 2,
we get
n∑
k=1
t
′
i,kSk,j =
n∑
k=1
t
′
1,kSk,1 = 0 = d1,j .
Then from equations (5) and (2) ∀i ≥ 4 and ∀j ≥ 2 we obtain
n∑
k=1
t
′
i,kSk,j =S(i, j)− S(i− 1, j)− S(i− 2, j)− S(i− 3, j),
=(1)S(i, j) + (−1)S(i− 1, j) + (−1)S(i− 2, j) + (−1)S(i− 3, j)+
(0)S(i− 4, j) + · · ·+ (0)S(n, j),
=di,j
Thus it is proved that T −1n Sn(2) = Dn.
Suppose that for n = 4, we get the entries for the matrix D4 as follows:
T−14 . S4(2) =

1 0 0 0
−1 1 0 0
−1 −1 1 0
−1 −1 −1 1


1 0 0 0
1 1 0 0
1 3 1 0
1 7 6 1


1 0 0 0
0 1 0 0
−1 2 1 0
−2 3 5 1
 . (8)
Thus based on the matrix multiplication of the equation (8) we obtain
the entries for the matrix D4, i.e.
D4 = [dij ] =

1 0 0 0
0 1 0 0
−1 2 1 0
−2 3 5 1
 .
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4. CONCLUDING REMARKS
In this paper the authors discuss the relation between Stirling’s matrix of the
second kind and tribonacci matrix. Then from the relation between of two
matrices we obtain a formula for a new matrix that is matrix Dn. For future
research it is necessary to think about the relation between Stirling’s matrix
and tetranacci matrix as well as the relation between Stirling’s matrix and
other n-nacci matrices.
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